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The introduction of adaptive materials for active camber line shape control favors flexible wing designs, thus

making adaptive wingsmore susceptible to instability phenomena.Motivated by a newwing concept formicro aerial

vehicle applications, the aeroelastic stability of partially rigid cantilevered plates in an axial flow is investigated. The

plate ismodeled as a beamhaving a rigid and a flexible part. The beam ismodeled using the classical Euler–Bernoulli

bending theory, the unsteady aerodynamic pressure is modeled using Theodorsen’s theory, and the Rayleigh–Ritz

method is used to obtain a discrete model. Stability analysis is carried out in Laplace’s domain. The results indicate

that a partially rigid cantilevered plate in an axial flow does not show static aeroelastic divergence but exhibits

dynamic aeroelastic instability. The flutter velocity at which this instability occurs is dependent on the ratio of the

flexible length to the total length of the plate and themass ratio.Adding a rigid part ahead of aflexible plate canhave a

stabilizing or destabilizing effect on the aeroelastic behavior of the flexible plate, depending on the mass ratio. The

phase-angle difference between the upstream and downstream part of the two-dimensional plate is shown to be

dependent on the mass ratio and flexible length fraction. Jumps in the flutter diagram occur because of changes in

fluttermode, and theflexible length fraction also affects these jumpphenomena. The jumps are shown to be the result

of eigenvalue branch collision. There are multiple critical flow conditions for mass ratios around the jumps.

Therefore, a new practical flutter boundary definition is introduced to remove the overlap between flutter modes

near the jumps. The flutter diagram calculated according to the new definition shows better agreement with

published time domain simulations.

Nomenclature

A = aerodynamic matrix
Ai = Fourier coefficient
b = half-chord
C��s� = Theodorsen’s function
D = plate bending stiffness
F = force vector
f = ratio of the flexible plate length to the total plate

length
G = decay factor
Hn = Hankel function of the nth kind
K = stiffness matrix
Kn = modified Bessel function of the second kind
k = reduced frequency
L = length of the flexible plate
M = bending moment
M = mass matrix
m = structural mass
n = number of modes
p = pressure
q = dynamic pressure
q = degree-of-freedom vector
s = Laplace variable

�s = nondimensional Laplace variable
T = kinetic energy
U = undisturbed flow velocity
~U = nondimensional airspeed
U = potential energy
v = generalized momentum vector
w = out-of-plane displacement
� = vorticity per unit length
� = reduced damping
� = transformed coordinate
� = air density
~� = mass ratio of the air mass to the flexible plate mass
� = damping
� = velocity potential
’ = phase angle
 = shape function
! = frequency

Subscripts

a = aerodynamic
c = circulatory
nc = noncirculatory
s = structural

Superscripts

^ = Laplace transform
_ = first time derivative
� = second time derivative

I. Introduction

T HE introduction of new adaptive materials for structural
applications creates the potential of distributed actuation of

structures. Adaptive materials can be used to actively deform
structures to achieve multiple functions. By changing its shape, the
wing surface can potentially fulfill the additional role of a control
surface, eliminating the need for mechanical parts, leading to a less
complex structure and potential weight savings. Moreover, by
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morphing a wing in a smooth fashion, the aerodynamic drag may be
reduced. If the structure is stiff, the energy required for the
deformation will be large, therefore, a flexible construction,
permitting deformations at reasonable energy cost, is indispensable.
Because of this increased flexibility, morphing structures are
expected to be more sensitive to instabilities resulting from
interaction with fluid flow over the structure.

Practical applications of morphing structures are currently a
subject of intensive research [1]. Both aircraft configuration
morphing as well as airfoil morphing are currently under study. The
latter investigation also includes the application of adaptive
materials. Morphing airfoils can be adapted optimally to any given
flight condition. Different scenarios for these adaptations have been
studied by Gano and Renaud [2], and Joshi et al. [3]. Research has
been carried out at the Delft University of Technology, The
Netherlands, on the development of an adaptive wing capable of
morphing part of its camber line for micro aerial vehicle (MAV)
application [4–8]. The adaptive wing concept, which is referred to as
the Delft wing, consists of a flexible flat plate attached to a stiff
leading edge. This leading edge has a significantly larger stiffness
than the plate and provides the necessary torsional and bending
stiffness of the wing. Therefore, the main emphasis of the
investigation is on the stability of the flexible plate in double-sided
axial flow rather than classical bending-torsion flutter.

Stability of plates with various boundary conditions subjected to
one- or two-sided flow have been studied extensively in literature.
Thorough research was carried out by Dowell in the sixties [9,10].
Unlike classical plate flutter, which assumes supersonic flow,
Dowell’s investigation assumes unsteady potential flow and
structural nonlinearities. An overview of aeroelasticity of plates and
shells is given in the monograph by Dowell [11]. Kornecki et al. [12]
and Guo and Païdoussis [13] also studied plates subjected to a
subsonic axial flow having various boundary conditions.
Cantilevered plates in axial flow in particular have also been a
topic of interest. An extensive discussion on cantilevered plates in
axial flow is given in the book by Païdoussis [14]. The aeroelastic
instabilities of cantilevered plates in axial flow show remarkable
similarities to the behavior of cantilevered pipes conveying fluids.
They are also susceptible to flutter oscillations in modes similar to
those of fluttering cantilevered plates, and they also exhibit jump
phenomena in their flutter boundary diagram. This has been shown
and covered extensively in literature [15–18].

Two-dimensional cantilevered plates are investigated by Shayo
[19], which is an extension of the work of Kornecki et al. [12].
Nonlinear effects and limit cycle oscillations of a fluttering plate
were also considered byWeiliang andDowell [20], Tang andDowell
[21], Attar et al. [22], and Tang and Païdoussis [23,24]. Tang et al.
[25] also investigated two-dimensional plates in a three-dimensional
flow, and verified the obtained numerical results with experiments.

The aforementioned researchers all assume inviscid flow.
However, research has also been carried out to investigate the effect
of viscosity on the aeroelastic stability of cantilevered plates in axial
flow by Watanabe et al. [26] and Balint and Lucey [27], who
demonstrated that viscous effects do not change the flutter behavior
qualitatively.

Cantilevered strips have been studied by Yadykin et al. [28] who
take into account both structural and aerodynamic nonlinearities.
Paper flutter has been investigated byWatanabe et al., both theoreti-
cally [26] and experimentally [29]. The biomechanical problem of
human snoring has been addressed by Huang [30], Tanida [31], and
Balint and Lucey [27]. These authors assumed that the origin of
snoring by humans was caused by palatal flutter, and modeled the
soft palate as a flexible cantilevered plate in an axial flow.

Although the phenomenon of flutter of cantilevered plates is well
known, the onset mechanism still remains somewhat obscure. Shayo
[19] studied the effect of the wake on the aeroelastic stability of such
a plate. He concluded that wake effects are more important for longer
plates. Huang [30] demonstrated that quasi-steady aerodynamics and
circulatory (wake-related) effects are responsible for the onset of
flutter.Watanabe et al. [26] showed that the coupling between natural
modes is responsible for the onset of cantilevered plate flutter.

Argentina and Mahadevan [32] especially focused on the
discrepancy between theory and experiments, and concluded that
an accurate prediction of the onset of flutter cannot be carried out
without taking certain nonlinearities into account. Tang and
Païdoussis [24] investigated the effect of the wake on the flutter
behavior and found that the wake has a larger influence on the
stability of short plates than on long plates.

Partially rigid cantilevered plates in axial flow have also been
subject of research. The first to take into account the effect of a hard
plate on a soft plate were Tanida [31], Tang and Dowell [21], and
Tang et al. [25]. The work by Tanida [31] was based on a simplified
model and certain assumptions regarding the phase difference along
the plate. As will be shown later in this paper, these phase-difference
assumptions appear not to be valid for all circumstances. The latter
two papers took the effect of a rigid part into account but did not study
the effect of the rigid part in detail. No results, to the best of the
authors’ knowledge, of the parametric variation offlutter speed vs the
flexible part fraction exist in literature, apart from De Breuker et al.
[7] and, more recently, by Tang and Païdoussis [23]. The current
paper extends the two previously mentioned papers by investigating
the complete range of flexible part fractions and their influence on
flutter speed, phase difference along the plate, and the divergence
speed. Furthermore, the well-known phenomenon of mode jumping
is addressed in more detail, and root locus plots are used to give a
possible explanation for the discrepancies between analytic and
experimental results.

In the present paper, the problem of flutter of partially rigid
cantilevered plates in double sided incompressibleflow is considered
in the Laplace domain. Using linear analysis, eigenvalues and
eigenmodes at the initial stages of flutter can be extracted, which
provides physical insight into the modal phenomena involved. The
effect of adding a rigid part, varying from zero length to the entire
chord, on the aeroelastic stability of the flexible part is studied. The
main emphasis of the results is to demonstrate how the flutter
properties and phase-angle distribution of the partially rigid
cantilevered plate depend on the ratio of the plate mass to the air
mass, and the ratio between the flexible part of the plate to its entire
length. Root locus plots showing the variation of aeroelastic system
eigenvalues with speed are used to study the flutter mode behavior.

The remainder of this paper is arranged as follows. Section II
describes the problem at hand and an idealized model of the Delft
wing is presented. In Sec. III, the aerodynamic model, based on
Theodorsen’s theory, is given. Section IV presents the structural
model of the plate, where a discrete model is obtained using the
Rayleigh–Ritz technique. Section V contains the flutter analysis,
formulated in the Laplace domain, based on an eigenvalue analysis.
In Sec. VI, the results from the analysis are compared with published
results in literature. Section VII presents the results and a discussion
is given. In Sec. VIII, pertinent conclusions are drawn.

II. Problem Description

Current research at the Delft University of Technology, The
Netherlands, involves the design of an adaptive wing for micro aerial
vehicle applications. A schematic drawing of such awing is shown in
Fig. 1, and a wing prototype for the MAV is displayed in Fig. 2.

The wing consists of a stiff leading edge made of an aluminium
skin with foam core which is attached to the MAV fuselage. To this
leading edge, a highly flexible plate is attached, again made of
aluminium. The plate is activated using piezoelectric (PZT) patches
glued to the aluminium surface on either side in a bimorph
configuration.When a voltage is applied to the PZTpatches, the plate
bends, changing lift. This way, the wing can be operated without the
need for control surfaces, which reduces complexity and weight.

Because of the nature and intended goal of the investigation,
simplified models can be employed for both the structure and the
fluid. The plate is idealized as a cantilevered beam, oriented in
chordwise direction, of length 2b, part of which is rigid (representing
the stiff leading-edge portion) and the remaining part of length L is
flexible (representing the chordwise bending of the plate) as
indicated in Fig. 3. Modeling a two-dimensional plate as a beam
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gives similar results for length-to-width ratios up to two, as shown by
Dowell [9].

Both the fluid and the structure are modeled using a semi-
analytical approach. The structure is discretized using the Rayleigh–
Ritz technique, which has been proven to provide good results, even
for nonlinear aeroelastic cantilevered plate problems [20]. Because
only the initial stages of flutter are of interest, exhibiting only small
oscillations, linear kinematic assumptions [33] are adopted for the
strain-displacement relation. The aerodynamic model is based on
Theodorsen’s theory [34]. Special care is given to the treatment of the
rigid part of the airfoil in generating the aerodynamic matrices.

III. Structural Model

The wing is modeled using a linear Euler–Bernoulli beam [33].
The unknown out-of-plane displacement w is approximated by
means of the Rayleigh–Ritz assumed modes method. The solution is
represented with a series of assumedmodes s for the flexible part of
the airfoil (Fig. 3), which is dependent on the spatial coordinate x,

measured from the intersection between the rigid and flexible part:

w�x; t� � qi�t� si �x� (1)

where qi are the modal amplitudes. The mode shapes are expressed
as polynomials that satisfy the essential boundary conditions at the
root. The polynomials used in this paper are orthonormal [35]. The
use of orthonormal shape functions is not a requirement of the
Rayleigh–Ritz method, but their use prevents ill-conditioning of the
structural and aerodynamic matrices.

The unknown vector of degrees of freedom q�t� is then determined
using Hamilton’s variational principle, neglecting structural
damping:

Z
t2

t1

��T � U� dt �
Z
t2

t1

Z
L

0

�p�w dx dt� 0 (2)

where�p is the aerodynamic pressure, modeled in the next section.
T and U are the kinetic and strain energy, respectively, which are
given by

T � 1

2

Z
L

0

m _w2 dx (3)

U � 1

2

Z
L

0

�
M

d2w

dx2

�
dx (4)

wherem is themass per unit length of the flexible part of the plate and
M the bendingmoment acting on themidsurface of the plate.Adot _� �
indicates the derivative with respect to time. After substitutions, the
governing equation takes the following matrix form:

M s �q�Ksq� Fa (5)

whereMs is the massmatrix andKs is the stiffness matrix. Subscript
s indicates that the matrices are structural matrices. A double dot �� �
indicates the second derivative with respect to time, and the
aerodynamic loading Fa is expressed as

F a �
Z
L

0

△p s dx (6)

The structural mass matrix assumes the following form:

M s �mL
Z

1

0

 s� s�T dx�mLI (7)

where I is the identity matrix, which follows from the use of
orthonormal shape functions. The structural stiffness matrix is given
as

K s �
D

L3

Z
1

0

d2 2

dx2
d2� s�T
dx2

dx (8)

where D is the plate bending stiffness.

IV. Aerodynamic Model

The origin of the aerodynamic coordinate system is located in the
middle of the airfoil chord (see Fig. 3). The flow is modeled using
incompressible, inviscid, irrotational assumptions, governed by the
familiar Laplace equation [36] of the perturbation velocity potential
�. Here, a numerical approach to calculate the aerodynamic pressure
on the plate is presented following Theodorsen’s theory [34].
Closed-form solutions for the unsteady pressure on curved plates
described by a cubic polynomial have been derived by Mesaric and
Kosel [37]. According to Theodorsen [34], small oscillations are
assumed and the following linearized boundary condition is
enforced:

Fig. 1 Concept layout of an adaptive wing.

Fig. 2 Adaptive wing with flexible plate on a remote-controlled

aircraft.
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Fig. 3 Idealized adaptive wing.

938 DE BREUKER, ABDALLA, AND GÜRDAL



@�

@�
� @w
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(9)

where U is the undisturbed flow velocity.
The airfoil wake has a strength (�w) with vortices being shed in a

periodic fashion:

�w � �̂est (10)

where s� � � i!, � is the damping, and ! is the frequency.
The pressure over the airfoil is split up into two parts, a circulatory

(subscript c) part, associated with the wake, and a noncirculatory
(subscript nc) part:

�p��pc ��pnc (11)

The pressure difference can be obtained from the perturbation
potential using the unsteady Bernoulli equation:

�p��2�
�
@�

@t
�U @�

@�

�
(12)

where � is the density of the surrounding air. The noncirculatory
potential can be found by integrating the vorticity distribution over
the length and by multiplying it with � and U:

���; t� � �U
Z
	

0

���; t� sin � d� (13)

The noncirculatory vortex distribution � is expressed according to
Glauert’s series [38]:

���; t� � 2U

�
A0�t�

�
1� cos �

sin �

�
�
X1
n�1

An�t� sin n�
�

(14)

where the Fourier coefficients A0 . . .An are defined as

A0 �
1

	

Z
	

0

w��; t� d� (15)

An �
2

	

Z
	

0

w��; t� cos�n�� d� (16)

The variable � is obtained by means of the transformation
�� b cos �.

The circulatory pressure is determined by enforcing the Kelvin
circulation theorem and the Kutta condition as

△pc ��2�U
�
A0�t� �

A1�t�
2

�
�C��s� � 1�

�
1� cos �

sin �

�
(17)

In this expression, C��s� is Theodorsen’s function:

C��s� � H�2�1 ��s�
H�2�1 ��s� � iH

�2�
0 ��s�

(18)

where expressionsH�2�n are nth-order Hankel functions of the second
kind. The Laplace domain variable s is nondimensionalized to �s,
using U and b, which is the half-chord

�s� b

U
s� ��� ik� (19)

in which � is the reduced damping and k is the reduced frequency.
This form of Theodorsen’s function is only valid for positive

imaginary (or reduced frequency) numbers. Therefore, in the present
investigation, the original expressions in terms of modified Bessel
functions of the second kind are used to be able to cope with negative
frequencies:

C��s� � K1��s�
K0��s� � K1��s�

(20)

Next, the aerodynamic mode shapes  a��� are discussed. These
shapes are identical to the structural mode shapes  s�x� except that
they also contain the rigid part of the airfoil.

 a �
�
0 for � b � � � 2b�1 � f�
 s for 2b�1 � f�< � � 2b

(21)

The flexible length fraction f is defined as

f� L

2b
(22)

with L being the length of the flexible part of the airfoil.
The components of the generalized aerodynamic force vector Fa

are defined using Eq. (4), which means that the ith element of Fa is
expressed as

Fa;i �
Z
	

0

Xn
j�1

△pj 
a
i ��� sin � d� (23)

where n is the number of modes.
The aerodynamic force vector Fa is defined as:

F a ��
1

2
�b2Ma �q �

1

2
�UbCa� �s� _q �

1

2
�U2Ka��s�q (24)

where matricesMa,Ca, andKa are the mass, damping, and stiffness
matrix, respectively. Subscript a indicates that these matrices are
aerodynamic matrices. Expression 1

2
�U2 is the dynamic pressure q.

The aerodynamic matrices are constructed for all flexible part
fractions ranging from an almost rigid to a fully flexible plate using
the symbolic manipulation software Mathematica.

V. Stability Analysis

In this section, aeroelastic analysis is conducted to determine both
static and dynamic aeroelastic stability. First, static aeroelasticity
will be investigated. The steady-state aeroelastic Eq. (5) reduces to

�Ks � qKa��s��q� 0 (25)

This is an eigenvalue problem for the dynamic pressure q. A positive
real eigenvalue q indicates the divergence speed, whereas negative
values show the absence of divergence.

Flutter analysis is conducted in Laplace’s domain to determine the
stability boundaries of the plate. At the stability boundary, themotion
is harmonic and takes the form

q � q̂est (26)

where q̂ is the modal amplitude.
Substituting the nondimensional �s [Eq. (19)] into the aeroelastic

Eq. (5) yields the following equation:��
U

b

�
2

�s2
�
Ms �

1

2
�b2Ma

�
�U
b
�s
1

2
�UbCa��s�

� �Ks � qKa��s��
�
q̂� ��s2M� �sC� �s� �K� �s��q̂� 0 (27)

Equation (27) is a quadratic eigenvalue problem. To obtain the pole
locations, the system is transformed into a standard eigenvalue
problem with the introduction of the generalized momentum
v̂� �sMq̂. This yields the following matrix equation:

�s

�
q̂

v̂

�
� 0 M�1

�K��s� �C��s�M�1
� ��

q̂

v̂

�
(28)

which can be recast as

��sI �A��s��x̂� 0 (29)
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where the vector x̂� fq̂; v̂gT is the vector containing the generalized
coordinates and generalized momentum, and A��s� is the aeroelastic
system operator. For the solution of the system �s, an initial guess is
made by calculating the eigenfrequencies of the aeroelastic system
when there is no flow velocity present. Using this value for �s, the
eigenvalues of A��s� are calculated. The eigenvalue closest to the
guess is selected and used as the new guess. This process is repeated
until converged.

VI. Validation of the Results

To observe the difference between the expression of Theodorsen’s
function with modified Bessel function of the second kind [Eq. (20)]
and Hankel functions [Eq. (18)], both expressions are plotted for
positive and negative k in Fig. 4. For positive values of the reduced
frequency, the well-known half-ellipse in the fourth quadrant of the
complex plane is obtained for both Eqs. (18) and (20). For negative k
though, the modified Bessel functions of the second kind give the
mirrored image of the previously mentioned ellipse along the real
axis. The original Theodorsen expression, however, diverges as can
be concluded clearly from the graph.

To validate the results obtained, they are compared with results
published in literature. Three nondimensional parameters are
introduced following Huang [30] and adapted for partially rigid
plates. The plate mass ratio is defined as

~�� �bf
m

(30)

The nondimensional speed ~U is introduced as

~U� U

!1bf
(31)

where !1 is the first bending frequency of the plate. The ratio of the
vibration amplitude at one cycle to its value at the previous cycle,
called the decay factor G, is defined as

G� e2	�! (32)

The convergence of the flutter solution for increasing number of
shape functions is investigated for several mass ratios from ~�� 0 to
~�� 5 and for a fully flexible plate (f� 1). The results are displayed
in Fig. 5. A wide range of mass ratios from ~�� 0 to ~�� 5 is
considered because, as it will appear later in the discussion of the
results, the flutter mode shape is dependent on the mass ratio. It is
concluded fromFig. 5 that eight shape functions will be sufficient for
an acceptable level of accuracy for a wide range of mass ratios. It is
assumed that a sufficient number of shape functions for the flutter
solution also produces converged results for divergence calculations.

Results for damping, frequency, vibration amplitude decay, and
phase-angle distribution are compared with numerical results
obtained by Huang [30]. The nondimensional damping � (Fig. 6a)
and the frequency ratio!=!1 (Fig. 6b) are compared for the case of a
fully flexible plate (f� 1:0). The decay factorG and the phase-angle
distribution’ are validated, as shown in Figs. 7a and 7b, respectively.

Good agreement with the time domain results from Huang [30] is
obtained. The flutter boundary is also validated against results
obtained by Guo and Païdoussis [13],Watanabe et al. [26], Tang and
Païdoussis [24], and Huang [30], respectively. Good agreement is
generally also observed as can be inspected in Fig. 8. The results of
Huang [30] match the results of the model described in this paper
exactly, making them barely visible in the graph. Interestingly
enough, the graph plotted in Fig. 8 is qualitatively comparable to
earlier published results for cantilevered slender pipes conveying
fluid [15,16,18].

VII. Results and Discussion

It has already been shown extensively in the literature [11,12,14]
that cantilevered plates do not show divergence. Here, it is
investigated whether this also holds for partially rigid cantilevered
plates. Static aeroelastic divergence is investigated for several mass
ratios ( ~� 2 �0:00 . . . 5:00�) and flexible part fractions
(f 2 �0:1 . . . 1:0�). The results are given in Fig. 9. As can be
observed, the eigenvalues are all negative over the investigated
range. They remain negative, even for very large mass ratios. This
concludes that a partially rigid cantilevered plate does not exhibit
divergence.
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Tanida [31], De Breuker et al. [7], and Tang and Païdoussis [23]
have shown that the rigid part of the plate has a critical influence on
the flutter speed. Here, a more detailed parametric study is
conducted. The flutter speed is plotted against the mass ratio for
various flexible part fractions f in Fig. 10. In this figure, the entire
range of length ratios, from an almost fully rigid to a fully flexible
plate, can be observed. Among the peculiarities of the flutter
behavior of such partially rigid plate are the jumps in flutter speed
with increasing mass ratio. These jumps are well known and
described in literature as flutter mode jumps [13,14,26,28].

It can be seen from Fig. 10 that before the first jump, the flutter
speed first decreases to a certain minimum, and increases again with
increasing mass ratio. This trend occurs each time between two
jumps. Themass ratios at which the jumps occur, called critical mass
ratios, are dependent on the flexible part fraction f. They range from
~�� 0:58 to ~�� 0:72 for the first jump and from ~�� 2:30 to ~��
2:65 for the second one, both for a flexible part fraction
f 2 �0:2 . . . 1:0�. The gap between the secondmode jump and thefirst
mode jump is fairly large compared with the mass ratio of the first
jump. This suggests that mode jump spacing becomes larger for
higher modes. This is to be expected because mode spacing in the
frequency domain increases for higher modes. It is also evident from
Fig. 10 that the critical mass ratios decrease with decreasing value of
f, and they are more sensitive to changes in values of f in the
neighborhood of f� 1:0 than for smaller values.

The sensitivity of the flutter speed with respect to the flexible part
fraction is illustrated in Fig. 11. It is observed that for lower mass
ratios ( ~� 2 �0:20 . . . 0:50�), the flutter speed increases with increasing
value for f. Thismeans that adding a rigid part to a flexible cantilever
destabilizes the plate. For values larger than ~�� 0:50, the flutter
speed mostly decreases with increasing f, meaning that the presence
of a rigid part actually stabilizes the flexible plate. This stabilizing
effect plays until the first jump. For mass ratios in between the two
flutter mode jumps, the same phenomenon is present as previously
described. We call the mass ratios at which the switch in the effect of
the rigid part occurs as the crossover mass ratios. The first two of
these are around ~�� 0:50 and ~�� 1:50.

The variation of the phase shift�’ between the upstream (x� 0)
and downstream (x� L) part of the fluttering flexible part is shown
for various mass ratios and length fractions in Fig. 12. As would be
expected, jumps in the phase shift can be observed at exactly the
same mass ratios of the jumps in flutter speed. In between the jumps,
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themagnitude of the phase shift decreaseswith increasingmass ratio,
which brings one to question the validity of Tanida’s results [31], in
which he assumes both the flutter mode shape and a constant phase
difference.

Root locus plots, indicating how the eigenvalues of Eq. (29)
change with flow velocity, are shown in Fig. 13 for two flexible part
fractions (f� 1:0 and f� 0:2, respectively) and for selected mass
ratios close to the first jump. When an ith branch is referred to, it
means that it is the root locus branch that originates from the ith
eigenfrequency of the system located on the imaginary axis. It is
evident from Fig. 13a that for mass ratios ~� 2 �0:40 . . . 0:55�, the
second branch goes into the unstable half of the complex plane, and
subsequently is inclined to bend away hesitantly to the stable half
again, but it continues into the unstable half plane. This phenomenon
can be observed until a mass ratio of approximately 0.55. If ~� is
increased even further, the second branch returns, after going
through the unstable half-plane, back to the stable half-plane. For
most mass ratios, the third branch, depicted in Fig. 13b, is situated in
the unstable half-plane when the second branch is in the stable half-
plane and vice versa. However, for a certain range of mass ratios in
the neighborhood of the flutter mode jumps at which, for a certain
velocity range, both the second and third branches are in the stable
half-plane. This means the system can have multiple critical points
(i.e., multiple flow velocities at which a root locus branch crosses
from the stable to the unstable half-plane), as also pointed out by
Huang [30]. It is concluded from Figs. 13c and 13d that a change in
length fraction only causes the previously described phenomenon to
shift to lower mass ratios.

Figure 14 zooms into the root locus plots for mass ratios ~� 2
�0:55 . . . 0:60� on the point where the second and third branches
hesitate and turn back to the stable or unstable half-plane,
respectively. It can be seen that the point at which both branches bend
almost coincides at a value for ~U of 7.20 for all mass ratios (see
Fig. 14). This speed is a critical flow condition where the system
becomes unstable. However, this speed is not shown on the flutter
boundary of Fig. 10 because, at that point, the second branch still
enters the unstable half-plane at a lower speed (see Figs. 13a and
13b). There, it is evident that at a mass ratio of 0.6 the branches
switch. Also, the branch switching occurs at the same value for ~U for
every mass ratio. This interaction between modes is responsible [39]
for the jumps in flutter mode engendering phenomena observed in
Figs. 10 and 12. This issue also plays at the second jump. The fact that
the two points, at which the branch bend, coincide almost has been
observed earlier for pipes conveying fluids [17], though this is the
first time it is also demonstrated for cantilevered plates in an axial
flow and there are some clear and significant differences, in the sense
that the second mode branches are crossing each other.

It is to be noted that for caseswhen the second branch returns to the
stable half-plane after an excursion into the unstable half plane, the
maximum negative damping ratio is relatively small in magnitude.
So, although theoretically the plate would flutter in the secondmode,
in practice, the growth in amplitude of the oscillation in time would
be small. Therefore, at mass ratios where the second branch bends
back into the stable half-plane, the plate will probably be observed to
flutter in the third mode, at a higher speed, and not in the second
mode. Because of that, it might be efficacious to define the flutter
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boundary at values for the decay factor G larger than one instead of
equal to one, as suggested already byHuang [30]. However, no well-
motivated practical value for G was given by Huang. In the
following, a suitably defined value for G is deduced that leads to a
practical flutter boundary that better matches experimental results.

Figure 15 shows the value forG of the second and third branch vs
~U at mass ratios ~� 2 �0:60 . . . 0:63�. It is evident that the maximum
value for G decreases with increasing mass ratio. These trends also
play at lower values for f, obviously for lower mass ratios as can be
derived fromFig. 11. For awide range of f 2 �0:2 . . . 1:0�, the critical
value for G remains approximately 1.60. If the excursion of the
second branch in the unstable half plane is to be removed for these
mass ratios, the boundary between the stable and unstable half-plane
needs to be redefined as G� 1:60.

It is shown in Fig. 16 that the practical flutter boundary differs
quantitatively, not qualitatively, from the one shown in Fig. 10. It can
be seen that the flutter speed is higher and the jumps occur at lower
mass ratios. If the practical flutter boundary is compared with the
results from literature [13,24,28,30], it is clear from Fig. 16 that this
flutter boundary is shifted much closer to the results obtained by
Tang and Païdoussis [23,24], both in terms ofmagnitude of theflutter
speed, and location of the first jump in flutter speed. Tang and
Païdoussis [23,24] have demonstrated to match experimental results
better than existing theories. Theymodel the aeroelastic cantilevered
plate problemusing an inextensible beammodel and a lumped vortex
element aerodynamic model, integrated in time. The fact that the
proposed practical flutter boundary matches the latter results better
might reveal part of themystery plaguing the problemof cantilevered
plateflutter. Several experimental results [25,29] have shown that the
flutter phenomenon is subcritical, while all theories [23] predict
supercritical bifurcation. It might be the case that although actual
flutter is observed in a certain mode, another mode becomes unstable
earlier but for a limited speed range. The latter might then be
observed as a subcritical oscillation. This statement is illustrated by
considering Fig. 13 where, for instance, at a mass ratio of 0.6, the
third branch becomes unstable, whereas the second branch only
shows a little excursion in the unstable half of the plane and then
returns to the stable half again. This part of the branch in the unstable
half-plane can hence be responsible for the subcritical vibrations.
Obviously, this effect does not play in the lower mass ratio range.
However, Tang et al. [25] also observed experimentally subcritical
bifurcation at mass ratios around 0.05. Therefore, the proposed
mechanism does not fully explain this phenomenon, but points out a
possibility which needs to be investigated further.

VIII. Conclusions

Analysis of partially rigid cantilevered two-dimensional plates is
carried out in the Laplace domain using the Rayleigh–Ritz approach.
Results are validated against published results in literature and found
to be in good agreementwith those published results. The behavior of
the plate is described by three nondimensional parameters, the mass
ratio ~�, the flexible part fraction f of the flexible part to the total
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length, and the nondimensional speed ~U. The flutter boundary in the
~�- ~U graph shows that jumps in flutter speed occur for certain values
of the mass ratio. The flexible part fraction f alters the flutter
boundary quantitatively, though not qualitatively. There exist ranges
of mass ratios for which the presence of a rigid part destabilizes the
flexible plate, and mass ratios at which the rigid part stabilizes the
plate. The phase-angle difference between the upstream and
downstream part of the flexible plate shows the same behavior as the
flutter speed with changingmass ratio. In particular, the phase shift is
not constant with changing mass ratio.

The jump in flutter mode is studied by investigating the root locus
branches of the aeroelastic system. The reason for the jumps is found
to be caused by a collision of flutter mode branches in the root locus
plane.
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